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Lqyhvwphqw dqg Lqwhuhvw Udwh Srolf|
Eloo GxsruW
Devwudfw
Wkh sdshu*v wkhruhpv uhyhuvh wzr vwdqgdug uhvxowv ri Qhz Nh|qhvldq
hfrqrplfv vlpso| e| dsshqglqj hqgrjhqrxv lqyhvwphqw wr d ehqfkpdun lp0
shuihfw frpshwlwlrq0vwlfn| sulfh prgho1 Rxu uhvxowv duh= +d, d sdvvlyh lqwhu0
hvw udwh uxoh/ zkhuh wkh prqhwdu| dxwkrulw| uhvsrqgv wr lq dwlrq e| orzhulqj
wkh uhdo lqwhuhvw udwh/ lpsolhv orfdo htxloleulxp xqltxhqhvv/ zkhuhdv dq dfwlyh
uxoh jhqhudwhv hlwkhu lqghwhuplqdf| ru qr htxloleuld orfdoo|> +e, d whpsrudu|/
h{rjhqrxv lqfuhdvh lq wkh qrplqdo lqwhuhvw udwh fdxvhv d whpsrudu| lqfuhdvh
lq rxwsxw dqg lqyhvwphqw1
H{lvwlqj uhvhdufk rq lqwhuhvw udwh srolf| lq vwdqgdug lpshuihfw frpshwlwlrq0
vwlfn| sulfh prghov qgv wkdw dq htxloleulxp lv orfdoo| xqltxh li wkh prqhwdu|
dxwkrulw| iroorzv dq dfwlyh uxoh/ e| uhvsrqglqj wr d rqh shufhqwdjh srlqw lqfuhdvh
lq lq dwlrq zlwk d pruh wkdq rqh shufhqwdjh srlqw lqfuhdvh lq wkh qrplqdo lqwhuhvw
udwh14 Sdvvlyh srolf|/ zkhuh d rqh shufhqwdjh srlqw lqfuhdvh lq lq dwlrq lv phw
zlwk d ohvv wkdq rqh shufhqwdjh srlqw lqfuhdvh lq wkh qrplqdo udwh/ jhqhudwhv
htxloleulxp lqghwhuplqdf|1 Dfwlyh srolf|/ wkhuhiruh/ lpsolhv wkdw wkh prqhwdu|
dxwkrulw| lqfuhdvhv wkh uhdo lqwhuhvw udwh lq uhvsrqvh wr lq dwlrq zkloh sdvvlyh
srolf| lpsolhv wkdw wkh prqhwdu| dxwkrulw| ghfuhdvhv wkh uhdo udwh1 D vlpsoh
lqwxlwlrq iru lqghwhuplqdf| xqghu d sdvvlyh uxoh iroorzv1 Li krxvhkrogv h{shfw
kljk fxuuhqw lq dwlrq/ wkh prqhwdu| dxwkrulw| uhvsrqgv e| orzhulqj wkh uhdo udwh1
WDvvlvwdqw Surihvvru ri Ilqdqfh/ Wkh Zkduwrq Vfkrro/ Xqlyhuvlw| ri Shqqv|oydqld1
Dgguhvv= 5655 Vwhlqehuj Kdoo0Glhwulfk Kdoo/ Sklodghoskld SD 4<4370969:/ +548, ;<;0:967/ +548,
;<;09533 ID[/ gxsruCzkduwrq1xshqq1hgx1 Sduw ri wklv uhvhdufk zdv frpsohwhg zkloh wkh dx0
wkru zdv d Ylvlwlqj Vfkrodu dw wkh Lqvwlwxwh iru Hpslulfdo Pdfurhfrqrplfv dw wkh Ihghudo Uhvhuyh
Edqn ri Plqqhdsrolv/ zkrvh krvslwdolw| lv dssuhfldwhg1 Wkh dxwkru zrxog olnh wr wkdqn Dqguhz
Deho dqg Urjhu Iduphu iru khosixo frpphqwv1 Wklv yhuvlrq= Rfwrehu 5;/ 4<<<1
4Vhh Fodulgd/ Jdoð dqg Jhuwohu +4<<<,/ Nhuu dqg Nlqj +4<<9,/ Urwhpehuj dqg Zrrgirug
+4<<:/ 4<<;,1 Dorqj vlplodu olqhv/ Fkulvwldqr dqg Jxvw +4<<<, ghprqvwudwh htxloleulxp ghwhu0
plqdf| xqghu dfwlyh uxohv xvlqj d olplwhg sduwlflsdwlrq prgho1 Lpsruwdqw h{fhswlrqv wr wklv
qglqj/ edvhg rq hlwkhu d surgxfwlyh uroh iru prqh| ru d }hur erxqg rq wkh qrplqdo lqwhuhvw
udwh/ duh ghyhorshg lq Ehqkdele/ Vfkplww0Jurkì dqg Xuleh +4<<<d/ 4<<<e,1
4Lq uhvsrqvh/ krxvhkrogv uhgxfh vdylqjv dqg lqfuhdvh ghvluhg frqvxpswlrq zklfk
ohdgv upv wr udlvh sulfhv/ wkhuhe| ydolgdwlqj wkh ruljlqdo lq dwlrq h{shfwdwlrqv1
Lq wkhvh prghov/ wkh lqwhuhvw udwh dhfwv rxwsxw vroho| wkurxjk wkh frqvxpswlrq0
vdylqjv ghflvlrq ri wkh krxvhkrog/ dqg qrw wkrxjk wkh lqyhvwphqw ghflvlrq ri wkh
up1 Zrun rq wkhvh prghov w|slfdoo| ljqruhv lqyhvwphqw e| dvvxplqj d {hg fds0
lwdo vwrfn15 Zlwk qhrfodvvlfdo lqyhvwphqw/ zh vkrz wkdw xqltxhqhvv2ghwhuplqdf|
uhvxowv duh uhyhuvhg1 Sdvvlyh prqhwdu| srolf| hqvxuhv xqltxhqhvv dqg dfwlyh sro0
lf| ohdgv wr hlwkhu lqghwhuplqdf| ru qr htxloleulxp dw doo1
Wkh edvlf lghd uholhv rq wzr uhodwlrqvklsv1 Iluvw/ qr duelwudjh ehwzhhq lqyhvw0
phqw dqg jryhuqphqw erqgv lpsolhv wkdw wkh fdslwdo uhqwdo udwh pxvw lqfuhdvh
zkhq wkh prqhwdu| dxwkrulw| udlvhv wkh uhdo lqwhuhvw udwh rq jryhuqphqw erqgv1





zkhuh PSN lv wkh pdujlqdo surgxfw ri fdslwdo dqg P lv wkh jurvv pdunxs1
Li krxvhkrogv/ lq uhvsrqvh wr d vxqvsrw/ ghyhors h{shfwdwlrqv ri kljk fxuuhqw
lq dwlrq/ wkhq wkh dfwlyh prqhwdu| dxwkrulw| uhvsrqgv e| lqfuhdvlqj wkh uhdo
udwh ri uhwxuq rq jryhuqphqw erqgv1 E| +4,/ u lqfuhdvhv li hlwkhu wkh pdujlqdo
surgxfw ri fdslwdo lqfuhdvhv/ gxh wr dq lqfuhdvh lq oderu/ ru wkh pdunxs idoov1
Erwk ri wkhvh uhvsrqvhv whqg wr lqfuhdvh lq dwlrq/ wkhuhe| ydolgdwlqj wkh ruljlqdo
lq dwlrq h{shfwdwlrqv16
D vhfrqg vwdqgdug uhvxow lq wkhvh prghov +zlwkrxw lqyhvwphqw, lv wkdw dq
h{rjhqrxv lqfuhdvh lq wkh qrplqdo udwh frqwudfwv hfrqrplf dfwlylw| lq wkh vkruw0
uxq1 W|slfdoo|/ wkh uhdo udwh pryhv lq wkh vdph gluhfwlrq dv wkh qrplqdo udwh1
Lq wklv fdvh/ wkh krxvhkrog frqvxpswlrq0vdylqjv ghflvlrq uhgxfhv rxwsxw yld wkh
lghqwlfdo phfkdqlvp ghvfulehg deryh1 Zlwk lqyhvwphqw/ krzhyhu/ li dq lqfuhdvh
lq wkh qrplqdo udwh lqfuhdvhv wkh uhdo udwh/ htxdwlrq +4, glfwdwhv d kljkhu uhqwdo
udwh rq fdslwdo uhtxluhv hlwkhu d kljkhu PSN/ dqg wkhuhiruh hpsor|phqw/ ru
orzhu P/ dqg wkhuhiruh ohvv glvwruwlrq dvvrfldwhg zlwk lpshuihfw frpshwlwlrq1
Erwk ri wkhvh hhfwv duh h{sdqvlrqdu|1
Lq wkh qh{w vhfwlrq/ zh suhvhqw dqg fkdudfwhul}h wkh htxloleuld ri d prqhwdu|
qhrfodvvlfdo jurzwk prgho zlwk qrplqdo uljlglw|1 Vhfwlrq 5 vwxglhv wkh surshu0
wlhv ri htxloleuld xqghu dowhuqdwlyh qrplqdo lqwhuhvw udwh uxohv1 Lq Vhfwlrq 6/ zh
frqfoxgh zlwk d glvfxvvlrq ri zk| suhylrxv uhvhdufk kdv ljqruhg lqyhvwphqw1
4 Lqyhvwphqw lq dq Lpshuihfw Frpshwlwlrq0Vwlfn| Sulfh Prgho
Krxvhkrog0Ilup Sureohp
5Iru pdlqo| wkhruhwlfdo sdshuv wkdw gr qrw prgho lqyhvwphqw/ vhh Ehqkdele/ Vfkplww0Jurkì
dqg Xuleh +4<<<d/ 4<<<e,/ Grwhv|/ Nlqj dqg Zropdq +4<<<,/ Urwhpehuj +4<;5,1 Iru pdlqo|
hpslulfdo sdshuv wkdw gr qrw prgho lqyhvwphqw vhh Fkulvwldqr/ Hlfkhqedxp dqg Hydqv +4<<;,/
Fodulgld/ Jdoð dqg Jhuwohu +4<<<,/ Jrrgiulhqg dqg Nlqj +4<<:,/ Ohhshu dqg Vlpv +4<<7,/ Pf0
Fdooxp dqg Qhovrq +4<<:/ 4<<<,/ Urwhpehuj dqg Zrrgirug +4<<:/ 4<<;,1
6Wklv h{sodqdwlrq jlyhv rqo| d  dyru ri wkh surri1 Dq| h{sodqdwlrq lv lqfrpsohwh xqohvv zh
vkrz wkdw doo ri wkh htxloleulxp frqglwlrqv duh vdwlvhg rq wkh hqwluh htxloleulxp sdwk1 Zh
surylgh wkh frpsohwh dqdo|vlv/ zklfk uholhv rq vdggoh sdwk dujxphqwv/ lq vhfwlrq 51
5Wkh hfrqrp| frqvlvwv ri d odujh qxpehu ri lghqwlfdo krxvhkrog0upv/ hdfk ri
zkrp ghulyhv xwlolw| iurp frqvxpswlrq/ uhdo edodqfhv/ qrw zrunlqj dqg klwwlqj














zkhuh f>p>q ghqrwh frqvxpswlrq/ uhdo edodqfhv dqg oderu vxsso|1 Dovr/ S gh0
qrwhv wkh groodu sulfh wkdw wkh krxvhkrog0up fkdujhv iru wkh jrrg lw vhoov dqg
W lv wkh vwhdg| vwdwh qhw lq dwlrq udwh1 Wkh frvw ri qrplqdo sulfh dgmxvwphqw
xvhg khuh lv edvhg rq Urwhpehuj +4<;5,1
Krxvhkrogv glvolnh kdylqj wkhlu sulfh jurz dw d udwh glhuhqw iurp W1Z h
dvvxph vhsdudelolw| ehwzhhq uhdo edodqfhv dqg rwkhu dujxphqwv lq +5,/ zklfk
plqlpl}hv wkh uroh ri prqh| lq idflolwdwlqj wudqvdfwlrqv17 Hdfk krxvhkrog lv
hqgrzhg zlwk dq lqlwldo txdqwlw| ri fdslwdo nf/ qrq0fdslwdo zhdowk vf dqg d sur0
gxfwlrq whfkqrorj|1
Wkh krxvhkrog0up*v lqvwdqwdqhrxv surgxfwlrq whfkqrorj| lv=
| @ a nka qq +6,
zkhuh a q>a n ghqrwh wkh oderu dqg fdslwdo kluhg e| wkh krxvhkrog0up1 Zh dvvxph
> A 3 dqg  .  @4 1
Krxvhkrog0upv duh vxemhfw wr wkh frqvwudlqw wkdw jlyhq wkh sulfh wkh| fkdujh
S/ vdohv duh ghpdqg0ghwhuplqhg=






zkhuh  S lv wkh hfrqrp|0zlgh sulfh ohyho dqg \ _ lv djjuhjdwh rxwsxw1 Wklv gh0
pdqg ixqfwlrq pd| eh ghulyhg xvlqj Gl{lw0Vwljolw} suhihuhqfhv ryhu glhuhqwldwhg
jrrgv1 Ohw g vdwlvi| g+ 4 ,@4 >g ￿ +4, ? 41 Iru frqyhqlhqfh/ ohw ! @ g￿ +4, dqg
} @ !@+! .4 ,A 41
Krxvhkrog0upv pd| krog zhdowk dv hlwkhu fdslwdo ru erqgv1 Wkh odz ri
prwlrq iru fdslwdo lv
b n @ l  n +8,
zkhuh l ghqrwhv sk|vlfdo lqyhvwphqw dqg fdslwdo ghsuhfldwhv dw udwh  5 ^3>4,1
Wkh uhdo ydoxh ri qrq0fdslwdo zhdowk v hyroyhv dffruglqj wr=
b v @+ U  ,v  Up .
S
 S
| za q  ua n . un . zq l  f  +9,
zkhuh U ghqrwhv wkh qrplqdo lqwhuhvw udwh dqg z>u ghqrwh uhdo idfwru sulfhv1
Hdfk krxvhkrog0up kdv shuihfw iruhvljkw uhjduglqj dqg wdnhv dv jlyhq doo sulfhv
+h{fhsw wkh frqwuro yduldeoh S,d q go x p sv x pw d { h v1 Krxvhkrog0upv dovr idfh
do r z h ue r x q gr qv1
7Vhshudelolw| ehwzhhq S dqg 6 lv rqh phwkrg ri uhprylqj wkh glvwruwlrqdu| hhfwv ri wudqv0
dfwlrqv prqh| ghpdqg1 Vhh Zrrgirug +4<<;, iru d frpsohwh wuhdwphqw1
6Wdnhq wrjhwkhu/ wkh krxvhkrog fkrrvhv wlph sdwkv iru f>l>v>p>q>n> a q>a n>S>|
wr pd{lpl}h +5, vxemhfw wr +6,/ +7,/ +8,/ +9, dqg d orzhu erxqg rq v/w d n l q jd v
jlyhq df>S f dqg nf dv zhoo dv wkh wlph sdwkv iru >U>\ _ dqg  S1
Vxevwlwxwlqj rxw | xvlqj +6,/ wkh Kdplowrqldq lv=



















+U  ,v  Up .
S
 S
a nka qq za q  ua n . un . zq l  f 

Wkh dsshqgl{ frqwdlqv d ghwdlohg ghulydwlrq ri wkh qhfhvvdu| frqglwlrqv iru rs0
wlpl}dwlrq1 Lpsrvlqj wkhvh frqglwlrqv/ dorqj zlwk htxloleulxp v|pphwu| q @a q/
n @ a n/ S @  S/ dqg pdunhw fohdulqj/ zh kdyh=
b f @ f+U   , +:,
u   @ U   +;,
un @ qf +<,







b n @ nkqq  n  f +44,
Zh zloo vwxg| htxloleuld forvh wr d vwhdg| vwdwh> wkhuhiruh/ wkh wudqvyhuvdolw|
frqglwlrq dozd|v krogv1
Htxdwlrq +:, lv wkh vwdqgdug frqvxpswlrq Hxohu htxdwlrq1 Htxdwlrq +;, lv d
qr0duelwudjh frqglwlrq ehwzhhq kroglqj fdslwdo dqg jryhuqphqw ghew1 Ehorz zh
vshfli| prqhwdu| srolf| dv d qrplqdo lqwhuhvw udwh uxoh wkdw uhvsrqgv wr fxuuhqw
lq dwlrq U @ #+,1 Uhduudqjlqj +;, xqghu wklv srolf|/ u lv lq dwlrq0ghwhuplqhg=
u @ #+,   .  +45,
Wkhuh lv qr htxdwlrq +45, lq wkh vwdqgdug Qhz Nh|qhvldq prgho ehfdxvh wkdw
prgho kdv qr djjuhjdwh lqyhvwphqw rssruwxqlwlhv h{fhsw iru jryhuqphqw erqgv1
Htxdwlrq +<, lv dq lqwudwhpsrudo htxloleulxp uhodwlrqvkls ehwzhhq fdslwdo dqg




Qrwh wkdw f @ z ehfdxvh ri rxu dvvxpswlrq rq suhihuhqfhv1 Li wkh fdslwdo uhqwdo
udwh u mxpsv xszdug dw wlph }hur gxh wr d fkdqjh lq prqhwdu| srolf| wkurxjk
+45,/ wkhq qf pxvw lqfuhdvh ehfdxvh n fdqqrw mxps1 Hlwkhu q ru f ru erwk pxvw
lqfuhdvh1 Frpsduh wklv zlwk wkh wh{werrn LV0OP prgho1 Lq vwdqgdug LV0OP
olqjr/ d kljkhu uhdo lqwhuhvw udwh cuhvwulfwv djjuhjdwh ghpdqg* dqg uhgxfhv rxwsxw
dqg frqvxpswlrq1 Lq wklv prgho/ q dqg2ru f pxvw lqfuhdvh lq wkh vkruw0uxq li dq
htxloleulxp h{lvwv1 Erwk ri wkhvh uhvsrqvhv duh h{sdqvlrqdu|1
7Wr vhh wklv pruh fohduo|/ qrwh wkdw wkh jurvv pdunxs lv P @ |@+fq,1U h d u 0








Wkh fdslwdo uhqwdo udwh lqfuhdvhv zkhq wkh jurvv pdunxs idoov ru wkh pdujlqdo
surgxfw ri fdslwdo +wkh whup lq sduhqwkhvlv, lqfuhdvhv1 D idoo lq wkh pdunxs lv
h{sdqvlrqdu| ehfdxvh pdunhwv duh ehfrplqj pruh frpshwlwlyh1 Dq lqfuhdvh lq
wkh pdujlqdo surgxfw ri fdslwdo lv dovr h{sdqvlrqdu|1 Lq wkh vkruw0uxq/ fdslwdo
grhv qrw dgmxvw> wkhuhiruh/ wkh pdujlqdo surgxfw ri fdslwdo fdq rqo| lqfuhdvh e|
oderu lqfuhdvlqj1
Htxdwlrq +43, lv wkh krxvhkrog0up Hxohu htxdwlrq iru fkrrvlqj wkh lq d0
wlrq udwh1 Uhduudqjh +43, wr pdnh wkh hfrqrplfv ehklqg wkh sulflqj ghflvlrq
wudqvsduhqw1 Iluvw/






￿ nkqq3￿  f
l
= Qrwh wkdw lq wkh vwhdg| vwdwh/ PW @ !@+! .4 ,A




















Li dw wlph w/ wkh dfwxdo pdunxs lv h{shfwhg wr eh juhdwhu wkdq wkh vwhdg| vwdwh
pdunxs lq wkh ixwxuh/ wkhq P  PW A 31V l q f h !?3/w k l vl p s o l h v +w, ? 31
Ilupv fxw sulfhv ehfdxvh wkh pdunxs lv wrr kljk1 D odujhu  lpsolhv lq dwlrq
uhvsrqgv ohvv wr wkh pdunxs ehlqj r lwv vwhdg| vwdwh1 Wklv vorzhu uhvsrqvh
rffxuv ehfdxvh dgmxvwphqw frvwv duh kljkhu1 Wkh pdujlqdo xwlolw| ri frqvxpswlrq
4@f hqwhuv wkh h{suhvvlrq ehfdxvh htxdwlrq +5, vshflhv d xwlolw| frvw ri sulfh
dgmxvwphqw1 Fhwhulv sdulexv/ d kljkhu pdujlqdo xwlolw| ri frqvxpswlrq vshhgv xs
wkh dgmxvwphqw ri sulfhv ehfdxvh wkh uhodwlyh frvw ri sulfh dgmxvwphqw lv orz1
Qrwdeo| devhqw iurp wkhvh h{suhvvlrqv duh wkh uhdo ydoxh ri krxvhkrog qdq0
fldo zhdowk v/ wkh qrplqdo sulfh ohyho S dqg uhdo prqh| edodqfhv p1 Wklv devhqfh
lv mxvwlhg e| wkh iroorzlqj frqvlghudwlrqv1 Iluvw/ zh pd| vdiho| ljqruh v e| dv0
vxplqj wkdw wkh jryhuqphqw dgmxvwv oxps vxp wd{hv lq d pdqqhu wkdw nhhsv wkh
jryhuqphqw exgjhw lq edodqfh dw hdfk lqvwdqw1 Vhfrqg/ zh zloo eh vwxg|lqj qrp0
lqdo lqwhuhvw udwh uxohv zklfk kdyh d sureohp lq xqltxho| ghwhuplqlqj wkh sulfh
ohyho S dw hdfk lqvwdqw1 Wklv sureohp pd| eh {hg e| dvvxplqj wkh jryhuqphqw
iroorzv d sduwlfxodu nlqg ri vfdo srolf|1 Wklug/ vlqfh zh vwxg| qrplqdo lqwhu0
hvw udwh uxohv dqg prqh| lv vhsdudeoh iurp frqvxpswlrq lq wkh xwlolw| ixqfwlrq/
nhhslqj wudfn ri p zloo qrw eh xvhixo lq qglqj wkh yduldeohv ri lqwhuhvw1
Prqhwdu| Srolf|
8Wkh prqhwdu| dxwkrulw| vhwv wkh lqwhuhvw udwh dv d ixqfwlrq ri fxuuhqw lq d0
wlrq=
U @ #+, +48,
Dvvxph # lv qrq0ghfuhdvlqj/ vwulfwo| srvlwlyh dqg glhuhqwldeoh zlwklq d qhljk0
erukrrg ri W1 H{dplqlqj htxdwlrq +;,/ wkh uhdo udwh ri uhwxuq rq fdslwdo qhw ri
ghsuhfldwlrq u   pxvw htxdo wkh uhdo uhwxuq rq qrplqdo erqgv U  1L i w k h
jryhuqphqw lv iuhh wr fkrrvh wkh vwhdg|0vwdwh qrplqdo lqwhuhvw dqg lq dwlrq udwhv/
wkh jryhuqphqw zrxog slq grzq wkh orqj0uxq uhwxuq rq fdslwdo1 Prqh| zrxog
eh qrq0qhxwudo lq erwk wkh vkruw dqg orqj uxq1 Zh pdlqwdlq orqj0uxq qhxwudolw|
e| uhtxlulqj wkdw
#+W,  uW . W   +49,
Dffruglqj wr htxdwlrq +75, lq wkh dsshqgl{/ lq d vwhdg| vwdwh uW @ .1I x u w k h u 0
pruh/ dvvxph wkdw wkhuh lv rqo| rqh ydoxh W wkdw vroyhv +49, dqg wkdw #+W, A 31
Qh{w/ vxevwlwxwh rxw U>u>q wr jhw wkh iroorzlqj v|vwhp ri glhuhqwldo htxd0
wlrqv
b f @ f+#+,    , +4:,






















q  n  f +4<,
zkhuh nf lv dq lqlwldo frqglwlrq1
Orfdo G|qdplfv
Iru qrwdwlrqdo frqyhqlhqfh/ ohw
b  @ I +>f>n, > b f @ J+>f>>n, > b n @ K +>f>n,




























zkhuh zh ohw D ghqrwh wkh vtxduh pdwul{ rq wkh uljkw0kdqg vlgh ri +53,1 Khuh/ iru
h{dpsoh i2 @ CI +>f>n,@Cf hydoxdwhg dw +W>f W>nW,1 Wkhuh lv d xqltxh vwhdg|
vwdwh htxloleulxp zlwk srvlwlyh frqvxpswlrq dqg fdslwdo18













￿*q Eq*kE4 n B
Eq3￿￿*q
5 E4 n B*k 3 B
Qrwh wkh devhqfh lq wkhvh h{suhvvlrqv ri xqghuo|lqj sdudphwhuv uhodwlqj wr qrplqdo yduldeohv=
wkh dyhuvlrq wr lq dwlrq / qrplqdo lqwhuhvw udwh uxoh  dqg lq dwlrq Z1
9Qh{w/ zh suhvhqw wkh hohphqwv ri D1 Zh rplw wkh ghulydwlrqv wr frqvhuyh
vsdfh







#￿ +W,  4
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2 ? 3 +55,
j￿ @ fW 







#￿ +W,  4
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 4 ? 3 +58,
k￿ @ } + . ,@ A3 +59,
H{dplqlqj +53,/ wkh g|qdplfv ri +>f, duh lqghshqghqw ri wkh fdslwdo vwrfn1
W k hg | q d p l fs d w k vr il q  d w l r qd q gf r q v x p s w l r qr q o |g h s h q gx s r qw k ho h y h o
ri fdslwdo wkurxjk wkh uhqwdo udwh rq fdslwdo> krzhyhu/ wkh fdslwdo uhqwdo udwh lv
lq dwlrq0ghwhuplqhg1 Wklv ihdwxuh kdv wzr lpsolfdwlrqv= +d, rqh hljhqydoxh ri
+>f>n, v|vwhp lv k￿ A 3> +e, wkh uhpdlqlqj wzr hljhqydoxhv duh ghwhuplqhg e|






Ilqdoo|/ wkh g|qdplfv ri +>f, duh frpsohwho| ghwhuplqhg e| a D1
5 Lqwhuhvw Udwh Uxohv
Uhfhqw zrun lq prqhwdu| hfrqrplfv kdv vwxglhg lqwhuhvw udwh uxohv lq prghov
zlwk qrplqdo sulfh uljlglwlhv1 Urwhpehuj dqg Zrrgirug +4<<:/ 4<<;, dqg Fodu0
lgd/ Jdoð dqg Jhuwohu +4<<<, vwuhvv wkdw dfwlyh prqhwdu| srolf| fdq uxoh rxw
lqghwhuplqdf|19 D vwdqgdug uhvxow lq prghov zlwkrxw lqyhvwphqw lv wkdw dq df0
wlyh srolf| lpsolhv htxloleulxp xqltxhqhvv/ zkloh d sdvvlyh srolf| jlyhv ulvh wr wkh
srvvlelolw| ri h{shfwdwlrqv0gulyhq  xfwxdwlrqv1
Wkh lqwxlwlrq iru lqghwhuplqdf| xqghu d sdvvlyh srolf| zlwkrxw fdslwdo lv
vwudljkwiruzdug1 Lpdjlqh krxvhkrogv eholhyh wkdw +3, A W1D w wA3/ 
prqrwrqlfdoo| idoov wrzdugv wkh vwhdg| vwdwh1 Htxdwlrq +4:, jryhuqv wkh odz
ri prwlrq iru frqvxpswlrq dqg lpsolhv wkdw frqvxpswlrq pxvw eh ghfuhdvlqj li
A W1 Dffruglqj wr dq dqdorjxh ri htxdwlrq +47,/ pdujlqdo uhyhqxh lv ohvv
wkdq pdujlqdo frvw li lq dwlrq lv deryh wkh vwhdg| vwdwh1 Wklv lv frqvlvwhqw zlwk
9Gxsru +4<<<d, ghprqvwudwhv wkdw orfdo xqltxhqhvv grhv qrw qhffhvvdulo| lpso| joredo
xqltxhqhvv xqghu dfwlyh srolflhv lq wkh vwdqgdug lpshuihfw frpshwlwlrq0vwlfn| sulfh prgho1
:htxloleulxp li f+3, Af W1 Dv lq dwlrq idoov wr lwv vwhdg| vwdwh ohyho/ upv udlvh
sulfhv dqg krxvhkrogv uhgxfh frqvxpswlrq dw d vorzhu dqg vorzhu udwh1
Zlwkrxw fdslwdo/ lqghwhuplqdf| xqghu dq dfwlyh srolf| fdqqrw rffxu1 Lpdjlqh
krxvhkrogv h{shfw +3, A W dqg wkhq  prqrwrqlfdoo| idoov wrzdugv wkh vwhdg|
vwdwh1 Dfwlyh prqhwdu| srolf| lpsolhv uAu W dqg frqvxpswlrq lv lqfuhdvlqj
dv orqj dv A W1 Wkhuh lv qr orfdo htxloleulxp sdwk iru frqvxpswlrq wkdw
vxssruwv wkhvh lq dwlrq h{shfwdwlrqv1 Li f+3, Af W/w k h qf fdqqrw dssurdfk wkh
vwhdg| vwdwh ehfdxvh frqvxpswlrq lv lqfuhdvlqj ryhu wlph1 Li f+3, ?f W/ wkh jrrgv
pdunhw fdqqrw eh fohdulqj ryhu wlph ehfdxvh upv duh lqfuhdvlqj wkh pdunxs dqg
vhoolqj pruh jrrgv1 Gldjudp 4 surylghv wkh dvvrfldwhg skdvh uhsuhvhqwdwlrq1
514 Uhvxow 4= Rqo| Sdvvlyh Srolflhv Lpso| Xqltxhqhvv
Wkhruhp 4 ghprqvwudwhv wkdw dgglqj hqgrjhqrxv lqyhvwphqw uhyhuvhv wkhvh suh0
ylrxv uhvxowv1
Wkhruhp 4=L i#￿ +W, ? 4/ wkhuh h{lvwv d xqltxh shuihfw iruhvljkw htxloleulxp
lq zklfk +>f>n, frqyhujh dv|pswrwlfdoo| wr wkh vwhdg| vwdwh +W>f W>nW,
Xqghu d sdvvlyh srolf| zlwkrxw fdslwdo/ wkhuh lv qr wklug vwdwh yduldeoh n dqg
wkh g|qdplfv ri +>f, duh txdolwdwlyho| jlyhq e| a D1: Lq wklv fdvh/ wkh ghwhuplqdqw
ri a D lv qhjdwlyh/ dqg ehfdxvh i￿ A 3/ wkh wudfh lv srvlwlyh1 Wkh orfdo g|qdplfv
ri +>f, duh jryhuqhg e| rqh h{sorvlyh dqg rqh qrq0h{sorvlyh hljhqydoxh1 Vlqfh
erwk duh mxps yduldeohv/ wkhuh lv rqh0glphqvlrq ri lqghwhuplqdf|1 Vhh Gldjudp
5 1J l y h qd qd u e l w u d u |+3,/ wkhuh h{lvwv d f+3, d q gd qh t x l o l e u l x ps d w ki r u+>f,
vxfk wkdw +>f, $ +W>f W, dv|pswrwlfdoo|1 Rq wkh gldjudp/ O ghqhv d orfxv ri
srlqwv +>f, frqvlvwhqw zlwk d shuihfw iruhvljkw htxloleulxp +SIH,1
Zlwk fdslwdo/ wklv orfxv grhv qrw txdolwdwlyho| fkdqjh1 Uhfdoo wkdw wkh g|0
qdplf ehkdylru ri frqvxpswlrq dqg lq dwlrq grhv qrw ghshqg rq wkh fdslwdo
vwrfn vlqfh C b @Cn @ Cb f@Cn @3 1 Zh gr jdlq dq lqlwldo frqglwlrq n+3, @ nf dv
zhoo dv wkh g|qdplf htxdwlrq=
b n @ k￿a  . k2a f . k￿a n +5:,
Frqvlghu wkh skdvh gldjudp iru v|vwhp +53,1 Wkhuh lv qr qhhg wr frqvwuxfw d
wkuhh0glphqvlrqdo skdvh gldjudp ehfdxvh wkh orfxv O ghqhv a  dv d ixqfwlrq ri a f1
Wkh htxloleulxp g|qdplfv ri +>f>n, froodsvh wr wkh wzr0yduldeoh v|vwhp +f>n,1







a f . k￿a n
Gldjudp 6 suhvhqwv wkh skdvh vsdfh uhsuhvhqwdwlrq1 Wkh orfxv Z jlyhv +f>n, sdluv
frqvlvwhqw zlwk orfdo vwdelolw|1 Wkh lqlwldo frqglwlrq nf wkhq lpsolhv d xqltxh f+3,
dv zhoo dv dq hqwluh htxloleulxp sdwk iru wkh g|qdplf v|vwhp1
:Xqghu d sdvvlyh srolf|/ wkh glhuhqfhv ehwzhhq wkh prgho zlwk dqg zlwkrxw fdslwdo gr qrw
fkdqjh wkh vljqv ri dq| hohphqw ri 	  dqg wkhuhiruh gr qrw fkdqjh wkh g|qdplfv ri EZcS1
;Wu|lqj +xqvxffhvvixoo|, wr frqvwuxfw vhoi0ixooolqj h{shfwdwlrqdo htxloleuld sur0
ylghv xvhixo lqwxlwlrq iru wkhruhp 41 Iru vlpsolflw|/ dvvxph wkh fdslwdo vwrfn lv
dw lwv vwhdg| vwdwh ohyho nf @ nW1 Fohduo|/ wkh vwhdg| vwdwh lv dq htxloleulxp1
Duh wkhuh rwkhu htxloleuldB Lpdjlqh krxvhkrogv zhuh wr irup h{shfwdwlrqv wkdw
 +3, A W1 H{dplqlqj gldjudp 5/ wklv zrxog eh frqvlvwhqw zlwk d orfdo htxlole0
ulxp iru +>f, li frqvxpswlrq dqg lq dwlrq vwduwhg deryh dqg prqrwrqlfdoo| ihoo
wrzdugv wkh vwhdg| vwdwh1
Qh{w frqvlghu wkh lpsolfdwlrq ri wklv +>f, sdwk iru fdslwdo1 Iluvw/ deryh
vwhdg| vwdwh frqvxpswlrq rffxuv dw wkh h{shqvh ri lqyhvwphqw dqg wkhuhiruh uh0
gxfhv fdslwdo dffxpxodwlrq1 Vhfrqg/ deryh vwhdg| vwdwh lq dwlrq orzhuv wkh uhqwdo
udwh rq fdslwdo xqghu d sdvvlyh srolf|1 Wklv lv ehfdxvh d idoo lq wkh sulfh ri fds0
lwdo uhodwlyh wr oderu ohdgv krxvhkrog0upv wr uhgxfh oderu lqsxw/ zklfk uhgxfhv
rxwsxw lq htxloleulxp1 Orzhu rxwsxw uhgxfhv fdslwdo dffxpxodwlrq1 Ilqdoo|/
rqfh fdslwdo lv ehorz wkh vwhdg|0vwdwh ehfdxvh ri lq dwlrq dqg frqvxpswlrq/ orz
fdslwdo rq lwv rzq uhgxfhv fdslwdo dffxpxodwlrq ehfdxvh rxwsxw lv lqfuhdvlqj lq
fdslwdo1 Li +3, A W/ wkh fdslwdo vwrfn idoov dzd| iurp wkh vwhdg| vwdwh1 Zh kdyh
vkrzq wkh lpsrvvlelolw| ri dq htxloleulxp zkhuh +3, A W dqg wkh hfrqrp|
uhpdlqv forvh wr wkh vwhdg| vwdwh1 Vlploduo| li  +3, ? W/ wkh fdslwdo vwrfn jurzv
dzd| iurp wkh vwhdg| vwdwh1 Orfdoo|/ wkh rqo| htxloleulxp lv wkh vwhdg| vwdwh1
Zkloh wkhruhp 4 ghprqvwudwhv wkdw xqltxhqhvv dozd|v rewdlqv xqghu d sdvvlyh
uxoh/ wkhruhp 5 ghprqvwudwhv wkdw/ lq jhqhudo/ xqltxhqhvv grhv qrw rewdlq xqghu
dq dfwlyh uxoh1
Wkhruhp 5= Xqghu dq dfwlyh prqhwdu| srolf|=
+d, li i￿ A 3 dqg nf 9@ nW/q rS I Hh { l v wl qz k l f k+>f>n, frqyhujh dv|pswrw0
lfdoo| wr wkh vwhdg| vwdwh>
+e, li i￿ ? 3/df r q w l q x x pr iS I Hh { l v wl qz k l f k+>f>n, frqyhujh dv|pswrw0
lfdoo| wr wkh vwhdg| vwdwh1
Frqvlghu sduw +d,1 Li i￿ A 3 dqg srolf| lv dfwlyh/ wkh g|qdplfv ri +>f,
duh jryhuqhg e| wzr h{sorvlyh hljhqydoxhv1 Gldjudp 4 dssolhv dqg wkh rqo|
htxloleulxp ri wkh vxev|vwhp lqyroyhv ++w,>f+w, ,@+ W>f W, iru doo w1W k l v
htxloleulxp uhvwulfwlrq rq ++w,>f+w,, lpsolhv wkh g|qdplf htxdwlrq iru fdslwdo
+5:, ehfrphv
b n @ k￿a n
Vlqfh k￿ A 3/ n jhqhulfdoo| h{sorghv ryhu wlph1 D orfdo htxloleulxp rewdlqv rqo|
lq wkh vshfldo fdvh wkdw nf @ nW1
Qh{w/ frqvlghu sduw +e, ri wkhruhp 51 Wkh g|qdplfv ri lq dwlrq dqg wkh
pdunxs fkdqjh gudpdwlfdoo| zkhq i￿ @ C b @C ? 3 xqghu dfwlyh uxohv1 Dq
dowhuqdwlyh h{suhvvlrq iru +4;, lv
b  @ +  W,  +>f>n,
zkhuh  h{suhvvhv wkh dprxqw e| zklfk wkh pdunxs lv deryh lwv wdujhw1 Dq

















Lpdjlqh wkdw +>f>n, d u hd ww k hv w h d g |v w d w hd q gv x g g h q o |w k h u hl vd ql q f u h d v h
lq lq dwlrq1 Xqghu dq dfwlyh srolf|/ wkh fhqwudo edqn uhvsrqgv e| lqfuhdvlqj wkh
uhdo lqwhuhvw udwh #+,.  1 Wklv udlvhv wkh frvw ri surgxfwlrq iru upv1
Oderu lqsxw lqfuhdvhv dv upv pryh dzd| iurp fdslwdo dv d idfwru ri surgxfwlrq1
Lq htxloleulxp/ wkh ij whup ehfrphv qhjdwlyh dqg wkh pdunxs idoov ehqhdwk
wkh vwhdg| vwdwh ohyho1 Lqwxlwlyho|/ d kljkhu lqwhuhvw udwh dqg odujhu fdslwdo frvwv
uhgxfh wkh pdunxs1 Vlqfh wkh pdunxs lv ehorz wkh vwhdg|0vwdwh ohyho/ upv
rswlpdoo| uhvsrqg e| udlvlqj sulfhv1
Li wkh qhjdwlyh hhfw ri wkh uhdo lqwhuhvw udwh rq wkh pdunxs lv vx!flhqwo|
vwurqj/ wkdw lv C+W>f W>nW,@C A  ru htxlydohqwo| i￿ ? 3/ wkhq dfwlyh srolf|
ohdgv wr htxloleulxp lqghwhuplqdf| lq wkh +>f,0v|vwhp1 Lpdjlqh krxvhkrog0upv
duh dw wkh vwhdg| vwdwh nW dqg dgrsw h{shfwdwlrqv ri lqvwdqwdqhrxv lq dwlrq lq
wkh vkruw uxq1 Jlyhq dq dfwlyh lqwhuhvw udwh uxoh/ wkh| dovr h{shfw wkh fhqwudo
edqn wr udlvh wkh uhdo udwh lq uhvsrqvh wr lq dwlrq1 Kljkhu fdslwdo frvwv gulyh wkh
pdunxs ehorz wkh vwhdg| vwdwh ohyho/ lqgxflqj krxvhkrog0upv wr udlvh sulfhv1
Wklv uhdol}hg lq dwlrq ydolgdwhv wkh krxvhkrog0upv* h{shfwdwlrqv1 Wklv lqghwhu0
plqdf| lq whupv ri +>f, lv wzr0glphqvlrqdo1 Qrw rqo| pd| krxvhkrog0upv kdyh
duelwudu|/ vhoi0ixooolqj h{shfwdwlrqv derxw lqlwldo lq dwlrq/ krxvhkrog0upv pd|
dovr kdyh duelwudu|/ vhoi0ixooolqj h{shfwdwlrqv uhjduglqj wlph }hur frqvxpswlrq1
Lq wkhruhp 4/ rqh0glphqvlrqdo lqghwhuplqdf| lq wkh +>f,0v|vwhp ohdgv wr
orfdo xqltxhqhvv lq wkh wkuhh yduldeoh v|vwhp1 Rqh ghjuhh ri lqghwhuplqdf| lq
wkh +>f,0v|vwhp lv xvhg wr vdwlvi| wkh lqlwldo frqglwlrq iru fdslwdo1 Dgglqj d
vhfrqg glphqvlrq ri lqghwhuplqdf| wr wkh +>f,0v|vwhp ohdgv wr rqh0glphqvlrqdo
lqghwhuplqdf| lq wkh wkuhh yduldeoh v|vwhp1
Frqvwuxfwlqj dq h{dpsoh ri d vhoi0ixooolqj lq dwlrqdu| htxloleulxp surylghv
xvhixo lqwxlwlrq iru sduw +e, ri wkhruhp 51
H{shulphqw 4 Vhoi0ixooolqj lq dwlrq xqghu dfwlyh srolf|1
Frqvlghu d vshflf sdudphwhul}dwlrq zlwk dfwlyh srolf| vxfk wkdw i￿ ? 31Z h
fkrrvh  iru rxu txduwhuo| prgho wr lpso| dq dqqxdo 41;( glvfrxqw udwh1 Wkh
uhvsrqvh ri wkh qrplqdo lqwhuhvw udwh wr lq dwlrq lv wdnhq iurp Wd|oru +4<<6,1 Wkh
vwhdg| vwdwh lq dwlrq udwh/ zklfk kdv qr hhfw rq wkh prgho g|qdplfv/ htxdov
}hur1 Zh vhw  @3 =6/  @3 =38/d q g! vr wkdw wkh vwhdg| vwdwh jurvv pdunxs
lv 41381 Ilqdoo|/ rxu frvw ri sulfh dgmxvwphqw sdudphwhu lv orzhu wkdq lq vrph
h{lvwlqj vwxglhv1 Lqfuhdvlqj  vxevwdqwldoo| lqwurgxfhv frpsoh{ hljhqydoxhv lqwr
D1;
;Dowkrxjk frpsoh{ hljhqydoxhv gr qrw fkdqjh wkh ghwhuplqdf| surshuwlhv ri wkh prgho/ wkh|
frpsolfdwh xqghuvwdqglqj wkh g|qdplfv ri lqghwhuplqdf| zlwkrxw dgglqj dgglwlrqdo lqvljkw1
43    W ! #￿ +W,
433 316 3138 313378 3 054 418
Dvvxph wkdw fdslwdo ehjlqv dw wkh vwhdg| vwdwh nf @ nW1 Wulyldoo|/ wkhuh
h{lvwv dq htxloleulxp zkhuh +>f>n, uhpdlq dw wkh vwhdg| vwdwh iru doo w1 Qh{w/
zh frqvwuxfw d vhfrqg htxloleulxp1< Ohw xv frqmhfwxuh dq htxloleulxp zkhuh
krxvhkrog0upv eholhyh wkdw +3, @ 3=34/ diwhu zklfk lq dwlrq idoov xqwlo lw klwv
}hur dw wlph a W1D i w h uw l p ha W/ lq dwlrq lv qhjdwlyh zlwk dq lqyhuwhg kxps0vkdshg
sdwwhuq/ hyhqwxdoo| dv|pswrwlqj wr }hur iurp ehorz1 Wkh lq dwlrq sdwk lv sorwwhg
lq wkh xsshu sdqho ri jxuh 4/ zkhuh a W  @ 61


































































Iljxuh 4= Vhoi0ixoooolqj Lq dwlrq xqghu Dfwlyh Srolf|
Jlyhq wklv lq dwlrq sdwk wrjhwkhu zlwk dq dfwlyh srolf|/ wkh uhdo lqwhuhvw udwh
lv deryh wkh vwhdg| vwdwh iru w?a W dqg ehorz wkh vwhdg| vwdwh iru wAa W1L q
rughu iru wkh frqvxpswlrq fkrlfh wr eh rswlpdo/ frqvxpswlrq pxvw eh lqfuhdvlqj
ehiruh wlph a W dqg idoolqj diwhuzdugv1 Wkh uhdo lqwhuhvw udwh sdwk dorqh grhv
q r ww h o ox vz k d wk d s s h q vw rl q l w l d of r q v x p s w l r q 1J l y h qr x us u h y l r x vd u j x p h q w
zklfk hvwdeolvkhg wkdw lq dwlrq lv h{sdqvlrqdu|/ zh frqmhfwxuh f+3, Af W1W k h








zlwk hljhqydoxhv 3147/ 03149/ 0318;1
44Qh{w/ zh pxvw vkrz wkdw wkh lpsolhg sdwk iru djjuhjdwh frqvxpswlrq gholyhuv
d krxvhkrog0up sulflqj uxoh wkdw ydolgdwhv wkh frqmhfwxuhg lq dwlrq g|qdplfv1
Uhfdoo wkdw  phdvxuhv wkh h{whqw wr zklfk pdujlqdo uhyhqxh lv deryh pdujlqdo
frvw1 Qrwh wkdw li C@C @3 / upv zloo udlvh sulfhv uxoh li dqg rqo| li frqvxpswlrq
lv h{shfwhg wr eh deryh wkh vwhdg| vwdwh lq wkh ixwxuh1 Iru h{dpsoh/ C@C @3
l ip r q h w d u |s r o l f |l vq h x w u d o#￿ +,@4 / ru li wkhuh lv qr fdslwdo lq wkh prgho
+vhh iru h{dpsoh Fodulgd/ Jdoð dqg Jhuwohu +4<<<,,1 Lq jhqhudo/ C@C 9@3
ehfdxvh lq dwlrq lq xhqfhv wkh uhdo udwh/ zklfk lq wxuq dhfwv pdujlqdo frvw1 Lq
h{shulphqw 5/ kljk lq dwlrq lqfuhdvhv pdujlqdo frvw ehfdxvh dfwlyh srolf| lpsolhv
d kljk fdslwdo uhqwdo udwh1 Wklv h{sodlqv zk|/ frqwudu| wr d prgho zlwkrxw fdslwdo/
wkh lq dwlrq sdwk fdq eh ehorz wkh vwhdg| vwdwh zkloh wkh frqvxpswlrq sdwk
lv deryh wkh vwhdg| vwdwh/ dv lv wkh fdvh lq h{shulphqw 5 iru wAa W1 Ilupv duh
fxwwlqj sulfhv/ +w, ? 3/ ehfdxvh wkh frvw ri fdslwdo lv orz1 Lq wkhruhp 5/ i￿ ? 3 lv
uhtxluhg iru lqghwhuplqdf|1 Wklv lqhtxdolw| jxdudqwhhv d vx!flhqwo| vwurqj hhfw
ri lq dwlrq rq pdujlqdo frvw1 Sulru wr wlph a W/ lq dwlrq dqg frqvxpswlrq duh erwk
deryh wkhlu vwhdg| vwdwh ydoxhv/ zklfk zh kdyh douhdg| vkrzq lv frqvlvwhqw zlwk
rswlpdo krxvhkrog0up sulflqj1



































































Iljxuh 5= Vhoi0ixooolqj Lq dwlrq xqghu Dfwlyh Srolf|
Ilqdoo|/ frqvlghu fdslwdo g|qdplfv1 Fohduo|/ deryh vwhdg|0vwdwh frqvxpswlrq
iru doo w frphv dw wkh h{shqvh ri irujrqh lqyhvwphqw1 Orzhu lqyhvwphqw uhgxfhv
fdslwdo dffxpxodwlrq1 Qh{w/ kljk lqlwldo lq dwlrq xqghu dq dfwlyh srolf| lpsolhv d
k l j ku h d ou d w h 1W k l vl q g x f h v u p vw rl q f u h d v ho d e r ul q s x wz k l f kl q f u h d v h vr x w s x w 1
Kljk oderu dffrxqwv iru wkh lqlwldoo| lqfuhdvlqj fdslwdo lq wkh erwwrp sdqho ri
jxuh 41 Rqfh fdslwdo lv deryh wkh vwhdg| vwdwh/ dv h{sodlqhg suhylrxvo|/ wklv
45whqgv wr lqfuhdvh fdslwdo dffxpxodwlrq1 Dw wAa W/ frqvxpswlrq lv deryh dqg
lq dwlrq lv ehorz wkh vwhdg| vwdwh1 Erwk frqvxpswlrq dqg lq dwlrq zrun wr
rvhw wkh srvlwlyh hhfw rq fdslwdo dffxpxodwlrq ri wkh kljk ohyho ri wkh fdslwdo
vwrfn1 Pdnlqj wkhvh hhfwv h{dfwo| rvhw uhtxluhv dq dssursuldwh fkrlfh ri f+3,/
wdnlqj dv jlyhq wkh duelwudu| lqlwldo lq dwlrq zh fkrvh1 Wklv fdofxodwlrq ri f+3,
lv fduulhg rxw lq wkh dsshqgl{1
515 Uhvxow 5= Dq H{sdqvlrqdu| Lqwhuhvw Udwh Klnh
Xqghu d sdvvlyh srolf|/ wkh hfrqrp| lv vxqvsrw0surri1 Wr vwxg| g|qdplf uh0
vsrqvhv/ zh lqwurgxfh d ghwhuplqlvwlf glvwxuedqfh wr wkh lqwhuhvw udwh uxoh1
H{shulphqw 5 H{rjhqrxv vkruw0whup lqfuhdvh lq U xqghu d sdvvlyh srolf|1
Uhsodfh wkh wlph krprjhqrxv prqhwdu| uxoh +48, zlwk
U @ #+,.%+w, +5<,
zkhuh %+w,@ %h{s+w, iru w  3> > %A31D v v x p hn+3, @ nW dqg krxvhkrogv












































Zh vhw #￿ +W,@3 =8> % @3 =3341 Wkh uhpdlqlqj sdudphwhuv duh lghqwlfdo wr wkrvh
lq h{shulphqw 41
I l j x u h6s o r w vw k hw l p hs d w kr i+>f>n,1 Lq wkh vwdqgdug Qhz Nh|qhvldq
prgho/ dq lqfuhdvh lq wkh qrplqdo lqwhuhvw udwh lqfuhdvhv wkh uhdo udwh1 Wklv
lqfuhdvhv sulydwh vdylqjv dqg uhgxfhv rxwsxw1 Zlwk lqyhvwphqw/ krzhyhu/ wkhuh
lv d vkruw0uxq lqfuhdvh lq lqyhvwphqw dqg frqvxpswlrq lq uhvsrqvh wr dq lqfuhdvh
lq wkh qrplqdo lqwhuhvw udwh1
Zlwk  h{leoh sulfhv/ dq h{rjhqrxv lqfuhdvh lq wkh qrplqdo udwh zrxog lpph0
gldwho| ohdg wr d rqh0iru0rqh lqfuhdvh lq wkh lq dwlrq udwh1 Wkh fdslwdo uhqwdo
udwh dqg rwkhu uhdo yduldeohv zrxog eh xqdhfwhg1 Ehfdxvh krxvhkrog0upv glv0
olnh fkdqjlqj sulfhv/ krzhyhu/ wkh lq dwlrq udwh grhv qrw dgmxvw frpsohwho|1 Sduw
ri wkh lqwhuhvw udwh klnh lv dffrxqwhg iru e| d kljkhu uhqwdo udwh u1V h hI l j x u h7 1
Krxvhkrog0upv idfh d kljkhu frvw ri surgxfwlrq ehfdxvh u lqfuhdvhv1 Krxvhkrog0
upv gr qrw ixoo| dgmxvw sulfhv lpphgldwho| lq uhvsrqvh wr wkh frvw vkrfn1 Wklv
lpsolhv wzr wklqjv1 Iluvw/ upv zrxog olnh wr vzlwfk wkhlu lqsxw pl{ dzd| iurp
wkh pruh h{shqvlyh fdslwdo dw wkh qhz kljkhu u dqg wrzdugv wkh ohvv h{shqvlyh
oderu dw wkh ruljlqdo vwhdg| vwdwh zdjh1 Lq jhqhudo htxloleulxp/ wklv gulyhv xs
erwk z dqg q1 Vhfrqg/ vlqfh upv gr qrw frpsohwho| dgmxvw sulfhv/ wkh pdunxs
idoov1
Vhyhudo wklqjv fkdqjh iru krxvhkrogv1 Iluvw/ juhdwhu oderu lqfrph lqfuhdvhv
shupdqhqw lqfrph1 Vlqfh wkh srolf| vkrfn lv whpsrudu|/ wkh lqfrph lqfuhdvh lv





























































Iljxuh 6= Qrplqdo Lqwhuhvw Udwh Klnh xqghu Sdvvlyh Srolf|





































































Iljxuh 7= Qrplqdo Lqwhuhvw Udwh Klnh xqghu Sdvvlyh Srolf|
47dovr whpsrudu|1 Xqghuvwdqglqj wkdw wkhlu iruwxqh lv  hhwlqj/ krxvhkrogv lqfuhdvh
vdylqjv wr vprrwk frqvxpswlrq1 Zlwk d {hg txdqwlw| ri lqyhvwphqw/ d vkliw rxw
lq krxvhkrog0upv* vdylqjv zrxog uhgxfh u1R if r x u v h /z hs r v l w h gd qh t x l o l e u l x p
zkhuh u lqfuhdvhv1 Wklv lv frqvlvwhqw zlwk dq lqfuhdvh lq vdylqjv li lqyhvwphqw
dovr lqfuhdvhv1 Qrwh wkdw li krxvhkrog0upv iruhfdvw juhdwhu ghpdqg iru jrrgv/
ehfdxvh wkh fxuuhqw vlwxdwlrq lv jrlqj wr shuvlvw/ wklv vkliwv rxw wkh lqyhvwphqw
fxuyh/ ohdglqj wr d vlpxowdqhrxv lqfuhdvh lq lqwhuhvw udwhv dqg lqyhvwphqw1 Wkh
vrolg olqh rq wkh orzhu sdqho ri Iljxuh 6 jlyhv wkh wlph sdwk ri fdslwdo1 Rq
lpsdfw/ wkh fdslwdo vwrfn/ dqg wkhuhiruh lqyhvwphqw/ jurz deryh wkh vwhdg| vwdwh1
Hyhqwxdoo|/ wkh qrplqdo lqwhuhvw udwh vkrfn glvvlsdwhv dqg wkh hfrqrp| uhwxuqv
wr wkh vwhdg| vwdwh1
6 Frqfoxvlrq
Lqfoxglqj d vwdqgdug lqyhvwphqw whfkqrorj| lq d ehqfkpdun lpshuihfw frpshwlwlrq0
vwlfn| sulfh prgho yluwxdoo| uhyhuvhv wkh surshuwlhv ri lqwhuhvw udwh uxohv1 Lw lv
qdwxudo wr dvn zk| uhvhdufkhuv kdyh qrw prghoohg lqyhvwphqw1 Ljqrulqj lqyhvw0
phqw lq uhfhqw rswlpl}dwlrq0edvhg vwlfn| sulfh prghov kdv plplfnhg wkh dssurdfk
wdnhq lq pdq| wh{werrn LV0OP prghov1 PfFdooxp dqg Qhovrq +4<<:/ s1 :, du0
jxh wkh fdvh iru ljqrulqj lqyhvwphqw= wkhuh lv yhu| olwwoh frqqhfwlrq dw f|folfdo
iuhtxhqflhv ehwzhhq fdslwdo vwrfn pryhphqwv dqg wkrvh lq djjuhjdwh rxwsxw dqg
frqvxpswlrq yduldeohv1 Lq odujh sduw wklv lv ehfdxvh d w|slfdo |hdu*v lqyhvwphqw
l vy h u |v p d o ol qu h o d w l r qw rw k hh { l v w l q jv w r f nr if d s l w d o 1 
Wklv uhdvrqlqj plvvhv wkh ryhuzkhoplqj udwlrqdoh iru prghoolqj lqyhvwphqw
lq d iruzdug orrnlqj prgho/ d up*v fxuuhqw lqyhvwphqw ghflvlrq fulwlfdoo| klqjhv
rq ixwxuh ghpdqg frqglwlrqv1 Vlqfh lqyhvwphqw lv d vljqlfdqw iudfwlrq ri JGS/
wklv kdv lpsruwdqw lpsolfdwlrqv iru djjuhjdwh rxwsxw1 Wkhruhwlfdo dujxphqwv
dvlgh/ wkh idfw wkdw txduwhuo| lqyhvwphqw lv pruh wkdq irxu wlphv dv yrodwloh
dv frqvxpswlrq lq wkh srvw0zdu X1V1 surylghv dpsoh prwlydwlrq iru prghoolqj
lqyhvwphqw$
Lq dgglqj lqyhvwphqw/ zh dgrswhg d vwdqgdug qhrfodvvlfdo prgho ri fdslwdo
dffxpxodwlrq1 Iluvw/ upv lqyhvw zlwkrxw dgmxvwphqw frvwv/ luuhyhuvlelolw| ru
fuhglw frqvwudlqwv1 Dsduw iurp wkh pdunxs/ fdslwdo lv sdlg lwv pdujlqdo surgxfw1
Vhfrqg/ fdslwdo dqg jryhuqphqw erqgv duh shuihfw vxevwlwxwhv wudghg lq pdunhwv
zlwkrxw dq| eruurzlqj frqvwudlqwv1 Jlyhq rxu lqwhuhvw udwh uxoh/ wklv lpsolhv
wkdw wkh pdujlqdo surgxfw ri fdslwdo ryhu wkh pdunxs ghshqgv rqo| rq lq dwlrq1
Dgglqj fuhglw pdunhw iulfwlrqv dqg lpshuihfw vxevwlwxwdelolw| ehwzhhq fdslwdo
dqg jryhuqphqw ghew zloo eh wkh vxemhfw ri ixwxuh zrun1 Lq suholplqdu| zrun
+Gxsru 4<<<e,/ zh vkrz wkdw lqghwhuplqdf| xqghu dfwlyh uxohv hdvlo| rewdlqv
zlwk hpslulfdoo| uhdvrqdeoh dgmxvwphqw frvwv wr djjuhjdwh lqyhvwphqw1
487 Dsshqgl{= Ghulydwlrqv
Ghulydwlrq ri Htxloleulxp Glhuhqwldo Htxdwlrq= Wkh uvw0rughu qhfhvvdu| frq0










a nka qq3￿ . 
S
 S
ea nka qq3￿  z @3 +66,
a nk3￿a qq . 
S
 S
a nk3￿a qq  u @3 +67,
 @  +68,
b  @ ^ .   U` +69,












@ +  W,   b  +6;,
dv zhoo dv wkh wudqvyhuvdolw| frqglwlrq dqg +8, dqg +9, wkh odzv ri prwlrq iru n
dqg v1
Zh zloo vwxg| v|pphwulf htxloleuld zkhuh q @a q/ n @ a n/ S @  S dqg | @ \ _1
Iluvw/ xvh htxdwlrqv +63,/ +65, dqg +68, wr vxevwlwxwh rxw > dqg z1I x u w k h u 0
pruh/ zh zloo ljqruh wkh odz ri prwlrq iru ghew +9, dqg ehkdylru ri v ehfdxvh zh
vkdoo vwxg| Ulfdugldq prqhwdu|0vfdo srolflhv1 Lq dgglwlrq/ zh zloo vwxg| prq0
hwdu| srolflhv wkdw wdnh wkh irup ri lqwhuhvw udwh uxohv1 Vlqfh uhdo edodqfhv duh
vhsdudeoh lq wkh xwlolw| ixqfwlrq/ htxdwlrq +64, zloo rqo| ghwhuplqh wkh ydoxh ri
p lq htxloleulxp1 Wkhuhiruh/ zh ljqruh +64, vlqfh zh duh qrw lqwhuhvwhg lq wkh
ehkdylru ri uhdo edodqfhv1 Jlyhq wkh deryh frqvlghudwlrqv/ wkh htxloleulxp frqgl0



















b f @ f^U   ` +74,
b f @ f^u    ` +75,
|
f
. g￿ +4,| @ +  W,   b  +76,
| @ nkqq +77,
b n @ |  n  f +78,
49Wkxv idu/ zh kdyh wkh deryh vhyhq htxdwlrqv lq vhyhq xqnqrzqv if>u>|>n>q>>j1
Dq dgglwlrqdo htxdwlrq ghwhuplqlqj U zloo eh suhvhqwhg zkhq zh glvfxvv prqh0
wdu| srolf| ehorz1





Dovr/ ghqh ! @ g￿ +4, ? 41 Zh pd| xvh +77, wr vxevwlwxwh rxw |/+ 7 9 ,w r
vxevwlwxwh rxw / dqg uhvwdwlqj +75, jlyhq +74,/ wkh v|vwhp ehfrphv +74, dqg
un @ qf +7:,
u   @ U   +7;,







b n @ nkqq  n  f +83,
Wklv frpsohwhv wkh ghulydwlrq1
Surri ri Wkhruhp 4= E| lqvshfwlrq/ rqh hljhqydoxh ri D lv k￿1 Wkh uhpdlqlqj












@ i2j￿ ? 3
D qhjdwlyh ghwhuplqdqw lpsolhv rqh h{sorvlyh dqg rqh qrq0h{sorvlyh hljhqydoxh ri
a D1V l q f hk￿ A 3 e| htxdwlrq +59,/ D kdv wzr h{sorvlyh dqg rqh qrq0h{sorvlyh urrw1
Zlwk rqh suhghwhuplqhg yduldeoh n dqg wzr mxps yduldeohv >f/ wkh htxloleulxp
lv orfdoo| xqltxh1 Qrwh wkdw dowkrxjk b > b f gr qrw ghshqg rq n/ b n grhv ghshqg rq
>f ehfdxvh k￿>k 2 9@3 1
Surri ri Wkhruhp 5= Iurp wkh surri ri wkhruhp 4/ rqh hljhqydoxh ri D lv k￿1
Uhfdoo k￿ A 31 Dovr iurp wkh surri ri wkhruhp 4/ wkh uhpdlqlqj wzr hljhqydoxhv
ri D duh wkh hljhqydoxhv ri wkh vxepdwul{ a D1 Xqghu dq dfwlyh srolf|/ j￿ A 31





@ i2j￿ A 3
Sduw +d,= Li i￿ A 3/w k h q a D kdv d srvlwlyh wudfh dqg ghwhuplqdqw1 Wkh g|qdplfv
ri +>f, duh jryhuqhg e| wzr h{sorvlyh hljhqydoxhv1 Lqghshqghqw ri wkh sdwk
ri fdslwdo/ wkh rqo| htxloleulxp zkhuh lq dwlrq dqg frqvxpswlrq uhpdlq lq d
qhljkerukrrg ri wkh vwhdg| vwdwh lv + +w,>f+w, ,@+ W>f W, iru doo w1
4:Qh{w/ ohw xv lpsrvh wklv qhfhvvdu| frqglwlrq iru dq htxloleulxp rq wkh odz ri
prwlrq iru fdslwdo1 Htxdwlrq +5:, ehfrphv=
b n @ k￿a n
Uhfdoo k￿ A 31 Lq dq| htxloleulxp zkhuh lq dwlrq dqg frqvxpswlrq gr qrw
h{sorgh/ wkh fdslwdo sdwk lv h{sorvlyh xqohvv n+3, @ nW1
Sduw +e,= Li i￿ ? 3/w k h q a D kdv d qhjdwlyh wudfh dqg d srvlwlyh ghwhuplqdqw1 Erwk
hljhqydoxhv ri a D duh qrq0h{sorvlyh1 Orfdoo|/ dq| duelwudu| sdlu +f>f f, lv frqvlv0
whqw zlwk dq htxloleulxp sdwk iru ++w,>f+w,, wkdw frqyhujhv dv|pswrwlfdoo| wr
+W>f W,1 Wkh vroxwlrq iru dq htxloleulxp wlph sdwk ri lq dwlrq dqg frqvxpswlrq
lv=








zkhuh u￿>u 2 ? 3 duh wkh uhdo hljhqydoxhv ri a D143 Ehfdxvh erwk hljhqydoxhv duh
qrq0h{sorvlyh/ ￿>2 duh qrw uhvwulfwhg lq rughu iru lq dwlrq dqg frqvxpswlrq wr
eh dq htxloleulxp1
Xvlqj +84, dqg +85, wr vroyh wkh glhuhqwldo htxdwlrq iru fdslwdo +47,/ zh kdyh=
a n+w>￿>2,@






Wr uxoh rxw h{sorvlyh sdwkv/ zh vhw *& @3 1O h w ￿ wdnh rq dq duelwudu| ydoxh
 ￿1 Wkh vhfrqg iuhh sdudphwhu 2 pxvw eh vhohfwhg lq rughu wr vdwlvi| wkh lqlwldo
frqglwlrq rq wkh fdslwdo vwrfn=
a n+w>  ￿>2,@nf
Dq dfwlyh srolf| zkhuh i￿ ? 3 lpsolhv d frqwlqxxp ri htxloleuld wkdw frqyhujh
dv|pswrwlfdoo| wr wkh vwhdg| vwdwh1
Vroylqj H{shulphqw 5= Ghqlqj a { @ {  {W/ wkh glhuhqwldo htxdwlrqv duh
b  @ i￿a  . i2a f . ie%+w, +86,
b f @ j￿a  . je%+w, +87d,
b n @ k￿a  . k2a f . k￿a n . ke%+w, +88,
Vlqfh srolf| lv sdvvlyh/ wkhuh lv rqh vwdeoh hljhqydoxh ri wkh g|qdplf v|vwhp
dffruglqj wr wkhruhp 41 Ohw u￿>u 2 eh wkh hljhqydoxhv ri wkh v|vwhp jlyhq e| +86,
dqg +87d,/ dqg u￿ lv wkh dgglwlrqdo urrw jrwwhq e| orrnlqj dw wkh wkuhh yduldeoh
v|vwhp1 Lw lv vwudljkwiruzdug wr vkrz wkdw u￿ @ k￿1 Zlwkrxw orvv ri jhqhudolw|/
43Uhsolfdwlqj wkh dujxphqw iru lpdjlqdu| hljhqydoxhv lv vwudljkwiruzdug1










































 f  i￿b f  j￿i2a f @^ j￿ie  i￿je`% . jeb %
Uhfdoolqj wkh ghqlwlrq iru %/
 f  i￿b f  j￿i2a f @+ j￿ie i￿je  je, %h3w|
Wkh qrq0h{sorvlyh vroxwlrq iru a f lv wkhq=
a f+w,@*￿ho￿| . }2h3w| +8:,
zkhuh }2 @+ j￿ie  i￿je  je, %@

2 . i￿  i2je

dqg *￿ lv dq xqghwhuplqhg







^}2 . je %`h3w| +8;,
Vxevwlwxwlqj +8;, dqg +8:, lqwr +88,/ zh kdyh d qrq0krprjhqrxv uvw0rughu htxd0
wlrq lq a n1
b n  k￿a n @ *￿^k￿u￿@j￿ . k2`ho￿| .

k2}2 .ke % 





b n  k￿a n @ }￿ho￿| . }eh3w|








zkhuh *2 lv dq xqghwhuplqhg frh!flhqw1 Vlqfh k￿ lv wkh wklug hljhqydoxh ri
wkh g|qdplf v|vwhp/ zh nqrz wkdw k￿ A 31 Zh duh lqwhuhvwhg lq qrq0h{sorvlyh
htxloleuld> wkhuhiruh/ vhw *2 @3 =
a n @






k2}2 . ke % 




4<Zh duh ohiw zlwk d wkuhh yduldeoh v|vwhp +8;,/ +8:, dqg +8<,/ rqh xqghwhuplqhg
frh!flhqw *￿ dqg rqh lqlwldo frqglwlrq n+3, @ nW1 Qh{w/ xvh n+3, wr slq grzq
*￿1 Hydoxdwlqj +8<, dw w @3 /z hk d y h
*￿ @
u￿  k￿
+ . k￿,^k￿u￿@j￿ . k2`





538E l e o l r j u d s k |
Ehqkdele/ Mhvv/ Vwhskdqlh Vfkplww0Jurkì dqg Pduwðq Xuleh +4<<<d,/ Wkh Shulov
ri Wd|oru Uxohv/ Mrxuqdo ri Hfrqrplf Wkhru|/i r u w k f r p l q j 1
Ehqkdele/ Mhvv/ Vwhskdqlh Vfkplww0Jurkì dqg Pduwðq Xuleh +4<<<e,/ Prqhwdu|
Srolf| dqg Pxowlsoh Htxloleuld Qhz \run Xqlyhuvlw|/ pdqxvfulsw1
Fkulvwldqr/ Odzuhqfh/ Pduwlq Hlfkhqedxp dqg Fkduohv Hydqv +4<<:,/ Vwlfn|
Sulfh dqg Olplwhg Sduwlflsdwlrq Prghov ri Prqh|= D Frpsdulvrq/ Hxurshdq
Hfrqrplf Uhylhz 74/ 44:6045331
Fkulvwldqr/ Odzuhqfh dqg Fkulvwrskhu Jxvw +4<<<,/ Wd|oru Uxohv lq d Olplwhg
Sduwlflsdwlrq Prgho/ QEHU Zrunlqj Sdshu :34:1
Fodulgd/ Ulfkdug/ Mrugl Jdoð dqg Pdun Jhuwohu +4<<<,/ Prqhwdu| Srolf| Uxohv
dqg Pdfurhfrqrplf Vwdelolw|= Hylghqfh dqg Vrph Wkhru|/ Txduwhuo| Mrxuqdo
ri Hfrqrplfv/ iruwkfrplqj1
Grwvh|/ Plfkdho/ Urehuw Nlqj dqg Doh{ Zropdq +4<<<,/ Vwdwh0Ghshqghqw Sulf0
lqj dqg wkh Jhqhudo Htxloleulxp G|qdplfv ri Prqh| dqg Rxwsxw/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv 447/ 98809<41
Gxsru/ Eloo +4<<<d,/ Lqwhuhvw Udwh Srolf| dqg Joredo Lqghwhuplqdf|/ Wkh
Zkduwrq Vfkrro/ pdqxvfulsw1
Gxsru/ Eloo +4<<<e,/ Lqwhuhvw Udwh Srolf| dqg Lqyhvwphqw zlwk Dgmxvwphqw
Frvwv/ Wkh Zkduwrq Vfkrro/ pdqxvfulsw1
Jrrgiulhqg/ Pduylq dqg Urehuw Nlqj +4<<:,/ Wkh Qhz Qhrfodvvlfdo V|qwkhvlv
dqg wkh Uroh ri Prqhwdu| Srolf|/ QEHU Pdfurhfrqrplfv Dqqxdo/ 56405;71
Nhuu/ Zlooldp dqg Urehuw Nlqj +4<<9,/ Olplwv rq Lqwhuhvw Udwh Uxohv lq wkh
LV0OP Prgho/ Ihghudo Uhvhuyh Edqn ri Ulfkprqg Hfrqrplf Txduwhuo|/v s u l q j 1
Ohhshu/ Hulf dqg Fkulvwrskhu Vlpv +4<<7,/ Wrzdug d Prghuq Pdfur Prgho
Xvdeoh iru Srolf| Dqdo|vlv/ QEHU Pdfurhfrqrplfv Dqqxdo 4<<7/ ;4044:1
PfFdooxp/ Ehqqhww dqg Hgzdug Qhovrq +4<<:,/ Dq Rswlpl}lqj LV0OP Vshfl0
fdwlrq iru Prqhwdu| Srolf| dqg Exvlqhvv F|foh Dqdo|vlv/ QEHU Zrunlqj Sdshu
8;:81
PfFdooxp/ Ehqqhww dqg Hgzdug Qhovrq +4<<<,/ Qrplqdo Lqfrph Wdujhwlqj lq
dq Rshq0Hfrqrp| Rswlpl}lqj Prgho/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 76/ 8860
8:;1
54Urwhpehuj/ Mxolr +4<<9,/ Prqrsrolvwlf Sulfh Dgmxvwphqw dqg Djjuhjdwh Rxw0
sxw/ Uhylhz ri Hfrqrplf Vwxglhv 7</ 84:08641
Urwhpehuj/ Mxolr dqg Plfkdho Zrrgirug +4<<:,/ Dq Rswlpl}dwlrq0Edvhg Hfrqr0
phwulf Iudphzrun iru wkh Hydoxdwlrq ri Prqhwdu| Srolf|/ lq QEHU Pdfurhfr0
qrplfv Dqqxdo +Ehq Ehuqdqnh dqg Mxolr Urwhpehuj/ Hgv1, 5<:06791
Urwhpehuj/ Mxolr dqg Plfkdho Zrrgirug +4<<;,/ Lqwhuhvw0Udwh Uxohv lq dq Hvwl0
pdwhg Vwlfn| Sulfh Prgho/ lq Prqhwdu| Srolf| Uxohv +Mrkq Wd|oru/ Hg1,/ iruwk0
frplqj1
Wd|oru/ Mrkq +4<<6,/ Glvfuhwlrq yhuvxv Srolf| Uxohv lq Sudfwlfh/ Fduqhjlh0
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